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A fast boundary element based solver for localized 
inelastic deformations



Motivations
• Many geo-mechanical applications 

exhibit localized failures in large domains
• Faulting 
• Shear-banding
• Fracturing

• Fast, accurate and mesh independent!
• Boundary Element Method to properly 

resolve localization phenomena 
• No volume integrals but inelastic 

deformations can only be localized along 
displacement discontinuity segments 
(defined a-priori) 
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BEARING CAPACITY OF SHALLOW FOOTINGS

RETAINING STRUCTURES

Uni-axial compression test

[Taken from Wikipedia]

[Taken from Knappet J.A. and Craig, R.F., 
Craig’s soil mechanics Book]



Elasticity 

• Plane strain condition
• Infinite or finite domain 
• Homogeneous, isotropic  and 

linear elastic 
• Impermeable medium

Boundary integral elasticity equations (quasi-static formulation):
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Constitutive relations for DD segments 
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Initial and boundary conditions

• We assume static equilibrium conditions with initial stress tensor, 
resulting in tractions     on 

• Localized inelastic deformations therefore occurs as a result of either 
external loading or via internal pore fluid pressurization p which 
modifies the effective traction on the potential failure segments 
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Numerical scheme
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• Elasticity         Displacement Discontinuity Method
• Piecewise linear approximation

• No continuity at each intersecting mesh node        
• Good accuracy even with non-uniform meshes

• Hierarchical matrix representation of the BEM combined 
with adaptive cross approximation 

• Speed up algebraic operations
• Reduce memory requirements 

• Fluid flow         Finite Volume Method
• Linear and continuous approximation
• Node centered FV scheme

• Intrinsic local mass conservation
• No need of structured mesh



Solution of the equilibrium under constraints
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An implicit time-stepping scheme

Yielding loop

Solution of balance of momentum & constraints

Constraints on DD segments

Equations

Equations

Fixed point iterative scheme combined with under-relaxation



Solution of the tangent system 
Displacement discontinuity method for elasticity

Finite volume method with fully implicit time integration scheme for fluid flow 

Pardiso direct solver

GMRES iterative solver

It’s ill-conditioned
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Preconditioner
Upper-triangular preconditioner matrix applied on right side

with

The system of equations can thus be rewritten as
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Preconditioner (cont’d)

We never want to compute the inverse of the Schur complement S, so 
we make a change of variable 

such that the system of equations 1 reduces to 
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Preconditioner (cont’d)

 
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Preconditioner (cont’d)

The preconditioned system of equations is solved via GMRES iterative 
method for the unknown vectors u1 and z2.
Once the iterative solution converges within a given tolerance, the 
solution of the preconditioned mechanical problem is given by 

No need to solve iteratively 2 system of equations 
& no need to invert Schur complement!
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Example: tensile wellbore failure
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Example: shear-banding in uniaxial 
compression
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Example: Injection into a Discrete Fracture 
Network
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• 251 pre-existing fractures
• Constant friction coefficient
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IMPACT OF INJECTION RATE RAMP-UP ON 
NUCLEATION AND ARREST OF DYNAMIC FAULT SLIP 



Motivations
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Many numerical and theoretical models have been 
developed in order to investigate the impact of 
operational design parameters, such as injection 
pressure or injection rate, on fault slip development 
upon fluid injection.

Most of them are Rate and State based models and 
therefore are well suited to explain features of 
earthquake cycles and seismicity rates. 



Motivations
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Even laboratory experiments.. 



Motivations
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The impact of fluid pressurization on nucleation and 
potential arrest of dynamic slip on a frictional 
weakening fault has been extensively investigated by 
Garagash & Germanovich (2012) using a 2D fault 
model and by Galis et al. (2017) with a similar model 
but in 3D. 

However, their generic findings are valid for two types 
of fault pressurizations: 

• constant over-pressure 
• constant injection rate

[Taken from Garagash and 
Germanovich, JGR, 2012]

[Taken from Galis at al., 
Science Advances, 2017]



Many injection protocols used in hydro-shearing fault experiments include stimulation cycles where either 
injection pressure or injection rate increases in a stepwise manner up to reach a steady state value, followed 
then by a shut-in phase.

Motivations
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[Villiger et al., Solid Earth, 2020]

EXPERIMENT AT 
GRIMSEL TEST 
SITE (2017)

2019 STIMULATION 
AT FORGE SITE (UTAH)  
WELL 58-32

ZONE 1 (9 cycles) ZONE 2 (9 cycles)



Motivations
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Stimulation of Nov. 2020 at the Bedretto Underground Laboratory 
Injection interval 12

• How does the injection rate ramp-up impact the 
nucleation and potential arrest of dynamic slip 
on a frictional weakening fault? 

• Under which condition the pressurization rate 
plays a role on fault slip propagation?

• In this contribution we address these questions 
using a simplified injection strategy



Fault model
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• Quasi-static equilibrium 

• Constitutive law for frictional slip 

• Over-pressure diffusionHM
 C

ou
pl
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g 

No Hydraulic fracturing

Fault hydraulic diffusity [L2T-1]



Fault model

25[Carslaw & Jaeger, 1959]
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• Quasi-static equilibrium 

• Constitutive law for frictional slip 

• Over-pressure diffusion



Scaling analysis
It is a powerful technique when applied on physic-based models. It can help systematic investigations of all the 
physical processes occurring. 

Upon introducing the following characteristic scales in the governing equations

We obtain 
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Scaling analysis
• Stress criticality

• Friction weakening ratio

• Normalized maximum injection rate

• Normalized ramp-up time scale
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Small Scale Yielding
• If deviations from linearity occur only over a region 

that is small compared to geometrical dimension, 
then the elastic Stress-Intensity Factor controls the 
local deformation field [Rice, 1968 – Palmer and 
Rice 1973]

• Small Scale Yielding conditions thus occurs when

• The energy release rate G at the propagating crack 
tip must match the fracture energy Gc, i.e.

• This is an implicit equation that can be solved for 
the unknown crack length a
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Fracture energy

Energy release rate

Stress Intensity Factor
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Ultimately stable fault Unstable fault

• Vary 

• Potential nucleation of 
dynamic event due to 
frictional weakening 
conditions 

• Vary 

• Potential nucleation of 
dynamic event due to 
frictional weakening 
conditions 

• Always nucleation of run-away rupture

FAST RAMP-UP SLOW RAMP-UP RELATIVELY SLOW RAMP-UP
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Numerical results: ultimately stable fault –
Fast ramp-up
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• No effect of ramp-up phase 

• Slip activation and propagation at constant 
injection rate

• Benchmark with Garagash & Germanovich, 
2012 results



Numerical results: ultimately stable fault –
Fast ramp-up
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Low maximum injection rate Moderate maximum injection rate



Numerical results: ultimately stable fault –
Fast ramp-up
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[Garagash & Germanovich, 2012]

If nucleation follows shortly slip activation, 
then the shear crack at nucleation time is 
confined near injection point and is 
subjected to a uniform over-pressure equal 
to the minimum value required to activate 
slip, i.e. 

Solving for the normalized nucleation time, 
we get 

Characteristic pore pressure drop



Numerical results: ultimately stable fault –
Fast ramp-up
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Good match between crack 
length at nucleation time and 
corresponding asymptotic 
solution of Garagash and 
Germanovich, 2012. 
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Ultimately stable fault Unstable fault

• Vary 

• Potential nucleation of 
dynamic event due to 
frictional weakening 
conditions 

• Vary 
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dynamic event due to 
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FAST RAMP-UP SLOW RAMP-UP RELATIVELY SLOW RAMP-UP



Numerical results: ultimately stable fault –
Slow ramp-up
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Low maximum injection rate Moderate maximum injection rate



Numerical results: ultimately stable fault –
Slow ramp-up
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PRESSURIZATION RATE DOES PLAY A ROLE!

If nucleation follows shortly slip activation, 
then the shear crack at nucleation time is 
confined near injection point and is 
subjected to a uniform over-pressure equal 
to the minimum value required to activate 
slip, i.e. 

Solving for the normalized nucleation time, 
one get 

Characteristic pore pressure drop



Numerical results: ultimately stable fault –
Slow ramp-up

38

• The extent of the arrested dynamic crack is always 
much larger than the slipping patch length scale aw
and the corresponding nucleation time is known 
analytically.

• We can calculate analytically the dynamic run-out 
distance directly from the s.s.y solution resolved at 
nucleation time.



Numerical results: ultimately stable fault –
Slow ramp-up
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• Power law dependence 
between dynamic runt-out 
slip distance and 
pressurization rate

• LOW PRESSURIZATION 
RATES LEAD TO LARGER 
DYNAMIC RUN-OUT 
DISTANCES! 
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Ultimately stable fault Unstable fault

• Vary 

• Potential nucleation of 
dynamic event due to 
frictional weakening 
conditions 

• Vary 

• Potential nucleation of 
dynamic event due to 
frictional weakening 
conditions 

• Always nucleation of run-away rupture

FAST RAMP-UP SLOW RAMP-UP RELATIVELY SLOW RAMP-UP



Unstable fault
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• The fault is critically stressed and thus prompt to 
fail 

• A fault strength perturbation leads to a quick 
quasi-static crack propagation followed by a run-
away seismic rupture

• The slipping patch outpaces rapidly the fluid front 
and at nucleation time

• The pressurized region is always confined near 
injection point, i.e. 

• GaGe2012 developed semi-analytically an outer 
and inner asymptotic solutions that are valid at 
different fault position w.r.t. fluid front location

Using the universal outer asymptotic solution:

By replacing the analytical expression of pore-fluid 
evolution at nucleation time, we get:

Characteristic pore-pressure drop



Numerical results: unstable fault
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Run-away dynamic rupture always present, but its nucleation can be delayed or anticipated!
For a given maximum injection rate, an earlier nucleation with respect to the injection scenario 
at constant rate only is expected if 



Impact on injection-induced seismicity 
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Model limitations
• Neglect of shear-induced dilatancy 

• Ciardo and Lecampion (2019) showed that dilatant hardening effect does impact the 
transition between aseismic and seismic slip on a pressurized fault due to an undrained pore-
pressure drop 

• Neglect of other weakening mechanisms such as flash heating and pore-fluid 
thermal pressurization (Rice 2006, Viesca & Garagash 2015).

• Garagash and Germanovich (2021) showed that thermal pressurization increases the 
dynamic run-out distances on stable faults. However, such an effect is relatively small due to 
the fact that such a weakening mechanism is expected to occur at a slip scale that is larger 
than frictional weakening scale 𝛿𝛿w

• Linear-slip weakening friction law 
• It does not allow to investigate scenarios in which fault strength evolve during pressurization, 

from weakening conditions to strengthening conditions (observed in lab. experiments by 
Cappa et al. 2019)
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Key conclusions

• When the ramp-up time scale is much lower than fluid diffusion time scale, 
slip propagation on stable faults is driven at constant volumetric rate 

• When the ramp-up time scale is much larger than fluid diffusion time scale:
• Low pressurization rates on stable faults promote a nucleation and arrest of dynamic 

slip
• The lower is the pressurization rate applied on stable faults the larger is the dynamic 

run-out slip distance

• On unstable faults, an initial ramp-up of injection rate may lead to an 
earlier or later nucleation of run-away rupture, compared to injection case 
at constant rate.
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THANK YOU FOR YOUR ATTENTION!
ANY QUESTIONS?
federico.ciardo@sed.ethz.ch
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